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Abstract
In this paper, we presentan FBP algorithm suitable for

image reconstruction from exponential X-ray projections
sampled on any subset of the sphere that includes great
circles. This algorithmis similar to the TTR-algorithmof Ra
et al. (1982) for non-attenuatedprojections. It is derived by
combiningall reconstructionsthat can be obtainedfrom the
subsetsof measurementscorrespondingto a greatcircle. Our
results generalizethose publishedby I. Hazou (1988) and
Wenget al. (1996)for reconstructionfrom projectionssampled
on theunit sphere.However, they remainmodestasthey only
applyto specificsetsof measurements.

I . INTRODUCTION

This work presentsnew mathematicalresultsconcerning
three-dimensional(3-D) imagereconstructionfrom exponential
X-ray (parallel-beam)projections.

The exponentialX-ray transform is a mathematicaltool
useful in SPECT imaging and also in Intensity Modulated
Radiation Therapy [1]. In 2-D SPECT, it is the basis for
the development of fast analytical reconstructionmethods
with accuratecorrectionfor attenuationand depth-dependent
collimator-response[2, 3]. In fully 3-D SPECT, it provides
a way to perform accurateattenuationcorrection without
transmissionmeasurements[4], which is attractive for imaging
systemssuchastheRotating-Slant-Holescanner[5].

2-D image reconstruction from exponential X-ray
projectionshasbeenwidely studiedover the last twentyyears
andis now well-understood,especiallythanksto thesignificant
work of Pan and Metz [6, 7]. In fully 3-D geometry, the
situationis quitedifferent. To our knowledge,only two works
concerningexact 3-D reconstructionfrom exponentialX-ray
projectionshave been publishedso far. Thesetwo works
(see[8] and [9]) assumeboth that the projectionsare finely
sampledon the unit sphere. It is currentlyunknown if exact
reconstructioncan be achieved from more generaldata sets,
suchasthosesatisfyingOrlov’sconditionfor reconstructionin
thenon-attenuatedcase[10]. Suchaquestionis mathematically
difficult to answer because3-D reconstructiontheory for
non-attenuatedX-ray projections[11] is not readily modified
to handleexponentialX-ray projections.

In this paper, we presenta filtered-backprojection(FBP)
algorithm suitablefor imagereconstructionfrom exponential
X-ray projectionssampledonany subsetof theunit spherethat
includesgreatcircles. A basicexampleof sucha subsetis the
equatorialbandillustratedin figure1a.

The derivation of our algorithm follows the samelines
as the work of Ra et al. [12] for image reconstruction
from non-attenuatedprojections. From the theory for the
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Figure1: (a) Descriptionof theequatorialband
�

(b) Descriptionof
theset

�
.

2-D Radon transform, Ra et al. derived the first True
Three-dimensional Reconstruction (TTR) algorithm of
FBP-type for non-attenuatedX-ray projections. From the
theory for the 2-D exponential Radon transform, we have
derivedanalgorithmof FBP-typefor 3-D imagereconstruction
from exponentialX-ray projections.Wecall thisnew algorithm
theA-TTR algorithm,whereA standsfor “attenuated”.

Our resultsgeneralizethosepublishedby Hazou [8] and
Weng et al. [9]. However, they remainmodestas they only
applyto specificsetsof measurementsontheunit sphere- those
including greatcircles. We believe that our work is onestep
furthertowardsfull understandingof the3-D exponentialX-ray
transform.

Section II gives a general description of the A-TTR
algorithm. SectionIII concernsthe applicationof the A-TTR
algorithm to a particular geometry: the equatorial band.
Conclusionsaregivenin sectionIV.

I I . A-TTR ALGORITHM

A. Notations
The data used for reconstructionare exponential X-ray

projections����� ��� ���������� �! �"$# �%� & " � �('*),+.-/� � 01� �32 (1)

“measured”for asetof directions� ontheunit sphere.The3-D
imageto bereconstructedis # and 465 is theattenuationfactor.
Vector � is orthogonalto � andis usedto specifydifferentlines
of integrationin thedirection � . Seefigure2. We assumethat
theprojectionsarecomplete,i.e. that ����� �/� � is known for all �
orthogonalto � .

Technically speaking, there exists no scannerswhich
directly deliver exponentialX-ray projections. However, to
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Figure2: Descriptionof theprojections:: is usedto specifydifferent
lines of integration in the direction

	
, ; is the origin of the image

space.

symplify theexpositionwe will assumethatexponentialX-ray
projectionscanbedirectlymeasured.

If adetectorwith pixelsof coordinates�=<>�@?A� orientedalong
unit orthogonalvectors B and C perpendicularto � is usedto
measure����� ��� � , onecanwrite� �3< B &�? C � <EDGF HI�J?KDLF H (2)����� ��� �����NMO�=� �@<>�@?A��� �P�Q�� �! R"$# ��< B &S? C & " � �('*) + -UT (3)

Thesetof directions� for which �>�=� �/� � is known is denotedV
. We assumethat

V
is symmetric(i.e. if � D V , then W � D V )

andcontainsgreatcircles.A greatcircleis thesetof unit vectors
which areorthogonalto a givendirection. We usethenotationX ��Y � to describethe greatcircle of unit vectorsorthogonaltoY . Thesetof vectorsY correspondingto all greatcirclesin

V
is denotedZ . Note that Z is symmetric. Seefigure 1b for an
illustrationof Z for theequatorialband.

It is important to note that any great circle defines a
completesetof projectionsfrom which exactreconstructionof

# is possible.When
V

includesmorethanonegreatcircle, the
data�>�=� �/� � arethusredundant.

B. Algorithm description
TheA-TTR algorithmis anFBPalgorithmwhich provides

exact reconstructionof # according to the backprojection
formula

# �=[ �\�]�(^  � ' � ),+(_ ` a �cbOd�� �@[ W �=[ 0�� ��� e (4)

where� b �=� �/� � is obtainedfrom ����� ��� � by 2-D convolution:�Nbf�=� ��� �g� �Ah i ` a j 5  � kl����� �/� W � k��$m��=� ��� kn�cT (5)

Theconvolutionfilter m is givenby

m��=� �/� �\�poqqr qqs
t�uwv ) �.xyx � xyx �xyx � xyx{z �=� | �xyx � xyx � if � | �x}x � x}x D Z2 otherwise

(6)
wherethe symbol | denotesa crossproduct, z is someeven
positive functiondefinedon theunit sphere( z � W Y �g� z �=Y � ),u ��~*� �(�  Y z �=Y �c� (7)

and v ) is the notch filter usedin FBP inversionof the 2-D
exponentialRadontransform:

v ) �=���g� �c� ��� � ) +.�����  (�
x � xt '1� �����

� T (8)

As readily observed from its definition, the filter m is a
generalizedfunctionwith singularitiesat � ��2 . Equation(5)
for � b �=� �/� � shouldthusbe interpretedasa Cauchyprincipal
value. For numericalcomputationof � b ��� ��� � , it is preferable
to implement (5) in the Fourier domain. The frequency
expressionof thefilter requiredfor this implementationis� ��� � � ��� � h ` a j 5  � ' � � ���

h ` � m��=� ��� �
� ut �����1� a ��� �  Y z ��Y �6x � 0��=Y |G� ��x�� � 01� ��2(9)

where
XQ� �=� � is a subsetof thegreatcircle

X ��� � :X � ��� ��� X �=� �A���,Y D X ��� � : x � 0���Y |L� �1x(� 465 � t���� T (10)

Note,in particular, that
X�� �=� ���]� when xyx � x}xA� 4 5 � t�� becausex � 0R�=Y |L� ��x$� 4 5 � t,� for any Y in thiscase.Therefore,� ��� � � �g��2 if x}x � xyx(� 465 � t,� T (11)

I I I . APPLICATION: EQUATORIAL BAND

In this section, we apply the A-TTR algorithm to the
equatorialband. No FBP algorithmhadbeenpublishedso far
for theequatorialbandgeometry.

Thus,here,
V

is theequatorialbandof aperture� 5 illustrated
in figure1a.Mathematically, wewriteV � �N� DE¡ �£¢ x � 0¤' ¥(x$¦¨§@©yªw� 5(« T (12)

For thisset,onehasZ �¬�NY D­¡ �£¢ x Y 0¤' ¥$x(®¨¯�°R§A� 5A« T (13)

Seefigure 1b. Equation(13) with (6) specifiesthe spatial-
domainexpressionof theA-TTR filter. Below, we give details
on the calculationof the frequency-domainexpressionof the
filter. For thiscalculation,z �=Y ���±~ is assumed.Thatisu � ~² � �@~ W ¯1°R§$� 5 � (14)

(seeequation(7)). Recallfirst that
� �=� � � �³�´2 when x}x � xyx>�465 � t,� , i.e.

� ��� � � � needsonly to be calculatedfor xyx � xyxµ®465 � t,� . We introduceunit orthogonalvectorsB and C suchthatB | C ��� . We alsodefineangles¶ and · suchthatY � ¯�°�§ ¶KB &P§@©yª ¶¸C �Y |L� � §@©yª ¶KB W ¯�°R§ ¶¸C �
� � x}x � xyx��%¯�°�§ ·¹B &P§.©}ª ·ºC �NT

(15)
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Figure3: Top: Descriptionof Ï � 	 �NÐ � . Bottom: Intersectionof the
unit spherewith theplane

� 	 ÑÓÒ �
. In bothfiguresthedarksegmentof

line hasthesamelength. Expressingthatconditionleadsto equation
(20) for Ô
Õ .
With thesenotations,onehas

� 0R�=Y |L� ��� xyx � x}x(§.©yªQ� ¶ÖW£· � (16)X � �=� �\� �NY ��¯1°R§ ¶KB &¹§@©yª ¶ºC ¢ xl§.©yªQ� ¶¸Wµ· ��x(×¨§@©yª ¶>Ø « T
(17)

where §@©yª ¶ Ø � 465t,� xyx � xyx
T (18)

To carry out the calculation of
� �=� � � � according to

formulas(9) and(10),notethatX � �=� �6Ù Z � X � �=� �6Ù�Ú X �=� �cÙ ZÜÛ T (19)

Figure 3(top) illustrates the region
X �=� �³Ù Z . This region

consistsof two arcsof aperture
t ¶ h diametricallyopposed.It

is convenientto selectthevectorsB and C to bethesymmetry
axesof

X �=� �gÙ Z asshown in figure 3(top). The angle ¶ h is
definedby ¯�°�§ ¶ h � ¯�°R§A� 5§.©}ªw� (20)

where � is the polar angle of � . See figure 3(bottom).
Mathematically, onehasX ��� �cÙ Z �¬�UY �3¯1°R§ ¶ºB &P§.©}ª ¶ºC ¢ x@§@©yª ¶ x�×Ý¯�°R§ ¶ h « T

(21)
Therefore,involving equations(16), (17)and(21),onefinds� ��� � � �g�

x}x � xyxÞ�� �@~ W ¯1°R§$� 5 � �Uß  ¶ xl§.©yªQ� ¶ÖW£· ��x (22)

whereà � � ¶ DÖá 2â� t,� á ¢ xl§.©}ª
� ¶ÖWã· ��x(®Ý§@©yª ¶>Ø �xl§.©}ª ¶ x(×Ý¯�°�§ ¶ h « T (23)

From these two last equations,one can easily check that� �=� � � � needsonly to be known for · Däá 2A� � � t á because
replacing · by Ww· or · & �

does not changethe filter
expression. Straightforward (but tedious)calculationof the
integral in (22) leadsto the expressiongiven in table 1 for� �=� � � � .Note that the filter

� ��� � � � is hereidentical for directions� which have the samepolar angle � but different azimuthal
angles. This is becausez �=Y �]�å~ was selectedand

V
is

symmetricaboutthe æ -axis.Figure4 showsthelook of
� �=� � � �for �S�´çR2Rè and �E� ²Ré è respectively, when � 5 � ²(ê è . Only

thepart · DÖá 2A� � � t á is displayed.

Figure 4: Frequency-domain filter for the equatorialband - Top:	wëÖìîí*ï
. Bottom:

	ðëÖñ¤ò*ï
.

Figure4 shows the reconstructionof a simulatedphantom
modellingtheheart.This phantomconsistsof threeellipsoids,
two of which modeltheventriculeswith

t 2(ó of activity. The
reconstructionwasachievedon a grid of ~¤2�2Rô cubicvoxelsof
side ~RT ê mm, using � 5 � ²�ê è and 465 �õ2AT 2A~ ê t mm�
ö . The
set

V
was uniformly sampledin sphericalcoordinateswith a

stepof 3 degreesandtheprojectionsweresampledon gridsof~ t�Þ � pixelsof side ~RT ê mm. Thequalityof thereconstructionin
figure5 demonstratestheexactnessof thealgorithm.

IV. CONCLUSIONS

We have developedan FBP algorithmfor exact3-D image
reconstructionfrom exponentialX-ray projectionssampledon
any subsetof the unit spherethat includesgreatcircles. The
A-TTR algorithmgeneralizesall previously publishedresults
[8, 9]. However, our findingsremainmodestasit only applies



÷ � · � ¶ Ø � ¶ Ø � ¶ h ¶ Ø ® ¶ h· � � � WS¶ h Wã¶ Ø � � & · h � � & ·ÖWã¶ Ø� � & · h ® � & ·ÖWã¶ Ø ² §@©yª · h ¯1°R§ ·t ¯�°�§ ¶ Ø & t §.©}ª ¶ h ¯1°R§ · & t §.©}ª · ¯1°R§ ¶ h� � Wã¶ h WS¶øØ ¦ · � � � W x ¶ h Wã¶>Ø x � � & ¶ h � � & ·ÖWã¶>Ø� � & ¶ h ® � & ·ÖWã¶>Ø t ¯�°�§ ¶>Ø & t §.©}ª ¶ h ¯1°R§ ·�W t §.©}ª · ¯1°R§ ¶ h² ¯1°R§ ¶øØ� � W x ¶ h WS¶ Ø x$¦ · � � � ² ¯1°R§ ¶ Ø W ² §@©yª · ¯�°�§ · h 0

Table1
Frequency-domainexpressionof theA-TTR filter for theequatorialband.Thefilter is expressedin theformù � 	 Ñ@ú � ëPû ��ü Ñ Ô
ý �Aþÿþ ú þÿþ �����
�����
	���
 	 
 � . Thetablegivesthevaluesof

û ��ü Ñ Ô6ý � accordingto thevaluestakenby
ü

, Ô Õ and Ô
ý . Thevectorú ë þÿþ ú þÿþ/��	���
Rü�� ��
����\ü Ò �
. Thetableshouldonly beusedfor

ü���� í�Ñ �������
and

þ þ ú þ þ��! 
 �����
. For

þÿþ ú þÿþ�"# 
 ���$�
,
ù � 	 Ñ@ú � ëPí

. The
dependenceof

ù � 	 Ñlú �
on
	

is burriedin thedefinitionof Ô
Õ (seeequation(20)).

Figure5: Equatorialband.Reconstructionof a simulatedphantomof
theheartfor

	 
 ë�ñ&%
degreesand

 
 ëPí�' í � % �)(*(,+.-
. Left: vertical

slice.Right: horizontalslice.

to particularsetof projections- thosecontaininggreatcircles.
Furtherinvestigationsarerequiredfor reconstructionfrommore
generaldatasets.

ACKNOWLEDGEMENTS

Thework of F. Noo wassupportedby theBelgianNational
Fundfor ScientificResearch.TheauthorsthankM. Defrisefor
fruitful discussionson thetopicof thispaper.

V. REFERENCES

[1] M. Braunstein, R.Y. Levine, “Optimum beam
configurations in tomographic intensity modulated
radiationtherapy”, Phys.Med. Biol., Vol. 45, 305-328,
2000.

[2] S. J Glick, B. C. Penney, M. A. King, andC. L. Byrne,
“Noniterative compensationfor the distance-dependent
detector responseand photon attenuation in SPECT
imaging”, IEEE Trans.Med. Imag.,vol. 13(2), 363-374,
1994.

[3] X. PanandC. E. Metz, “Analytical approachesfor image
reconstructionin 3D SPECT”, in Three-dimensional
ImageReconstructionin RadiationandNuclearMedicine,
ed. P.Grangeatand J.-L. Amans (Dordrecht: Kluwer),
103-115,1996.

[4] C. Mennessier, F. Noo, R. Clack, G. Bal, L. Desbat,
“Attenuation correction in SPECT using consistency

conditionsfor theexponentialray transform”,Phys.Med.
Biol., Vol 44,2483-2510,1999.

[5] R. Clack,P.E. Christian,M. Defrise,A.E. Welch,“Image
reconstructionfor a novel SPECTsystemwith rotating
slant-holecollimators”. In Conf. Rec. 1995 IEEE Med.
Imag.Conf.,1948-1952,1996.

[6] C.E. Metz, X. Pan, “A unified analysisof exact methods
of inverting the 2D exponentialRadontransform,with
implicationsfor NoiseControl in SPECT”,IEEE Trans.
Med.Imag.,vol. 14(4),december1995.

[7] X. Pan,C.E.Metz,“Analysisof noisepropertiesof aclass
of exact methodsof inverting the 2D exponentialRadon
transform”,IEEETrans.Med.Imag.,vol. 14(4),december
1995.

[8] I.A. Hazou,“Inversionof theexponentialX-ray transform.
I: Analysis”,Math.Methodsin theAppliedSciences,Vol.
10(10),561-574(1988).

[9] Y. Weng, G.L. Zeng, G.T. Gullberg, “Filtered
backprojectionalgorithms for attenuatedparallel and
cone-beamprojectionssampledon a sphere”,in Three-
dimensional Image Reconstructionin Radiation and
Nuclear Medicine, ed. P.Grangeat and J.-L. Amans
(Dordrecht:Kluwer), 19-34,1996.

[10] S.S.Orlov, “Theory of threedimensionalreconstruction.
1. Conditionsof a completeset of projections.”, Sov.
Phys.-Crystallogr., Vol. 20,312-314,1975.

[11] M. Defrise, D.W. Townsend, R. Clack, “Three-
dimensional image reconstruction from complete
projections”,Phys.Med.Biol., Vol. 34(5),573-587,1989.

[12] J. B. Ra, C. B. Lim, Z.H. Cho, S.K. Hilal, J. Correll
“A truethree-dimensionalreconstructionalgorithmfor the
sphericalpositronemissiontomograph”,Phys.Med.Biol.
Vol. 27,37-50,1982.

[13] O. Tretiak,C. Metz, “The exponentialRadontransform”,
SIAM J.Appl. Math.,Vol. 39(2),341-354,1980.


