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Abstract

In this paper we presentan FBP algorithm suitable for
image reconstructionfrom exponential X-ray projections
sampledon ary subsetof the spherethat includes great
circles. This algorithmis similar to the TTR-algorithmof Ra
et al. (1982)for non-attenuateg@rojections. It is derived by
combiningall reconstructionghat can be obtainedfrom the
subsetf measurementsorrespondindo a greatcircle. Our
results generalizethose published by I. Hazou (1988) and
Wenget al. (1996)for reconstructiorirom projectionssampled
on the unit sphere.However, they remainmodestasthey only
applyto specificsetsof measurements.

. INTRODUCTION

This work presentsnev mathematicakesults concerning
three-dimensiongB-D) imagereconstructiorirom exponential
X-ray (parallel-beamprojections.

The exponential X-ray transformis a mathematicaltool
useful in SPECT imaging and also in Intensity Modulated
Radiation Therayy [1]. In 2-D SPECT it is the basisfor
the developmentof fast analytical reconstructionmethods
with accuratecorrectionfor attenuationand depth-dependent
collimatorresponsg2, 3]. In fully 3-D SPECT it provides
a way to perform accurate attenuationcorrection without
transmissioimeasurementd], which s attractve for imaging
systemsuchasthe Rotating-Slant-Holscannef5].

2-D image reconstruction from exponential X-ray
projectionshasbeenwidely studiedover the lasttwenty years
andis now well-understoodespeciallythanksto the significant
work of Pan and Metz [6, 7]. In fully 3-D geometry the
situationis quite different. To our knowledge,only two works
concerningexact 3-D reconstructiorfrom exponential X-ray
projectionshave been publishedso far. Thesetwo works
(see[8] and [9]) assumeboth that the projectionsare finely
sampledon the unit sphere. It is currently unknawn if exact
reconstructioncan be achiezed from more generaldata sets,
suchasthosesatisfyingOrlov’s conditionfor reconstructionn
thenon-attenuatedasd10]. Suchaquestiornis mathematically
difficult to answer because3-D reconstructiontheory for
non-attenuate&-ray projections[11] is not readily modified
to handleexponentialX-ray projections.

In this paper we presenta filtered-backprojectior(FBP)
algorithm suitablefor image reconstructiorfrom exponential
X-ray projectionssampledn ary subsebf theunit spherahat
includesgreatcircles. A basicexampleof sucha subsets the
equatoriabandillustratedin figure 1a.

The derivation of our algorithm follows the samelines
as the work of Ra et al. [12] for image reconstruction
from non-attenuatedprojections. From the theory for the

(a)
Figurel: (a) Descriptionof the equatoriaband (b) Descriptionof
thesetA.

(b)

2-D Radon transform, Ra et al. derived the first True
Three-dimensional Reconstruction (TTR) algorithm of
FBP-type for non-attenuatedX-ray projections. From the
theory for the 2-D exponential Radon transform, we have
derivedanalgorithmof FBP-typefor 3-D imagereconstruction
from exponentialX-ray projections.We call this new algorithm
the A-TTR algorithm,whereA standdor “attenuated”.

Our resultsgeneralizethose publishedby Hazou [8] and
Wenget al. [9]. However, they remainmodestasthey only
applyto specificsetsof measurementntheunit sphere those
including greatcircles. We believe that our work is one step
furthertowardsfull understandingf the 3-D exponentialX-ray
transform.

Section Il gives a general description of the A-TTR
algorithm. Sectionlll concernghe applicationof the A-TTR
algorithm to a particular geometry: the equatorial band.
Conclusionaregivenin sectionlV.

[I. A-TTR ALGORITHM

A. Notations

The data used for reconstructionare exponential X-ray
projections

p(8,5) = / +00

—0o0

dt f(s +t) e,  s-6=0 (1)

“measured’or asetof directionsg ontheunit sphereThe3-D
imageto bereconstructeds f andyy is the attenuatiorfactor
Vectors is orthogonato 8 andis usedto specifydifferentlines
of integrationin the directionf. Seefigure 2. We assumehat
the projectionsarecompletej.e. thatp(@, s) is known for all s
orthogonalo 6.

Technically speaking, there exists no scannerswhich
directly deliver exponential X-ray projections. However, to



Figure2: Descriptionof the projections:s is usedto specifydifferent
lines of integrationin the direction g, O is the origin of the image
space.

symplify the expositionwe will assumeahatexponentialX-ray
projectionscanbedirectly measured.

If adetectowith pixelsof coordinategu, v) orientedalong
unit orthogonalvectorsa and 3 perpendiculato ¢ is usedto
measurep(d, s), onecanwrite

veR, veR )

s=ua+vf,

+oo

p@g)zpp(g,u,v):/ dt f(ua+vB+16) "t . (3)

—0o0

Thesetof directionsd for whichp(8, s) is known is denoted
Q. We assumehat(2 is symmetric(i.e. if 8 € 2, then—0 € Q)
andcontaingreatcircles.A greatfcircleis thesetof unitvectors
which areorthogonalo a givendirection. We usethe notation
C(n) to describethe greatcircle of unit vectorsorthogonalto
n. Thesetof vectorsn correspondindo all greatcirclesin
is denotedA. Notethat A is symmetric. Seefigure 1b for an
illustrationof A for theequatoriaband.

It is important to note that ary great circle definesa
completesetof projectionsfrom which exactreconstructiorof
f is possible. When2 includesmorethanonegreatcircle, the
datap(@, s) arethusredundant.

B. Algorithmdescription

The A-TTR algorithmis an FBP algorithmwhich provides
exact reconstructionof f accordingto the backprojection

formula
fla) = / dg e " zepF (9,2 — (z-0)0) (4)
Q

wherepf' (9, s) is obtainedrom p(, s) by 2-D convolution:

Fes=[ dpes-Hnes).  ©
5'-9=0
Thecorvolutionfilter A is givenby
ackullel) o 2y i gx 2 ca
h0.s) = ] sl [
0 otherwise
(6)

wherethe symbol x denotesa crossproduct,w is someeven
positive functiondefinedon theunit spherqw(—n) = w(n)),

= 1//Adﬂw(n>, 7)

and k, is the notchfilter usedin FBP inversionof the 2-D
exponentialRadontransform:

b= [t
[v[>po/2m

As readily obsered from its definition, the filter A is a
generalizedunctionwith singularitiesat s = 0. Equation(5)
for pf' (8, s) shouldthus be interpretedas a Cauchyprincipal
value. For numericalcomputatiorof p' (4, s), it is preferable
to implement (5) in the Fourier domain. The frequeng
expressiorof thefilter requiredfor thisimplementations

(8)

whereC* () is asubsebf thegreatcircle C(6):
Cr@)=Cc@\{necC®) : |v-(nx0)|<pu/2r}. (10)

Note,in particularthatC*(8) = @ when||v|| < po/27 because
lv - (n x 8)| < wo/2m for ary n in this case.Therefore,

H(0,v) =0 if |[ull < po/2r. (11)

I11. APPLICATION: EQUATORIAL BAND

In this section, we apply the A-TTR algorithm to the
equatorialband. No FBP algorithmhadbeenpublishedso far
for theequatoriabandgeometry

Thus,here (2 is theequatoriabandof aperturd, illustrated
in figure 1a. Mathematicallywe write

Qz{QeSQ: |Q-gz|§sin00}. (12)
For this set,onehas
A={ﬂ€52 : |ﬂ~gz|2(:os€0}. (13)

Seefigure 1b. Equation(13) with (6) specifiesthe spatial-
domainexpressiorof the A-TTR filter. Below, we give details
on the calculationof the frequeng-domainexpressionof the
filter. For this calculationw(n) = 1 is assumedThatis

1

47 (1 — cosby) (14)

CcC =
(seeequation(7)). Recallfirst that H(8,v) = 0 when||y|| <
uo/2m, i.e. H(A,v) needsonly to be calculatedfor ||v|| >

o /2m. We introduceunit orthogonalectorsa. and suchthat
a x 8 = 6. We alsodefineanglesv and« suchthat

= coswa+sinwf,
sinwa —cosw g,

= |lul| (cosya +sin¢ §) .

(15)



Figure3: Top: Descriptionof C(8) N A. Bottom: Intersectiorof the
unit spherewith the plane(é, 3). In bothfiguresthe dark segmentof
line hasthe samelength. Expressinghat conditionleadsto equation
(20) for ws.

With thesenotationspnehas

v-(nx0) = |l sin(w — ) (16)
c*(0) = {Q: coswa+sinwf : |sin(w—1)| > sinwm}
17)

where
Ho

2 ||l

(18)

sin wy, =

To carry out the calculation of H(6,v) according to
formulas(9) and(10), notethat

cr@na=c @en(ce)na). (19)
Figure 3(top) illustratesthe region C(8) N A. This region
consistsof two arcsof aperture2w, diametricallyopposed.It
is corvenientto selectthe vectorsa and 3 to bethe symmetry
axesof C(9) N A asshawn in figure 3(top). The anglews is

definedby
cos 6y

sin 6
where 6 is the polar angle of 6.
Mathematicallyonehas

(20)
See figure 3(bottom).

COSwg =

CONA= {ﬂ =coswa+sinwf : |sinw| > cosws}
(21)
Thereforejnvolving equationg16), (17) and(21), onefinds

[l ] /W dw | sin(w — )| (22)

H@v) = 87 (1 — cos by

where

[sin(w — )| > sinw,

W= {w € [0.2n: | sinw| > cosws

b @3

From thesetwo last equations,one can easily check that

H(0,v) needsonly to be known for ¢ € [0,n/2[ because
replacingy by —« or ¢ + © does not changethe filter

expression. Straightforvard (but tedious) calculation of the

integral in (22) leadsto the expressiongiven in table 1 for

H(0,v).

Note that the filter H(6,v) is hereidenticalfor directions
@ which have the samepolar angle# but differentazimuthal
angles. This is becausew(n) = 1 was selectedand Q is
symmetricaboutthe z-axis. Figure4 shovsthelook of H (6, v)
for & = 90° andf = 46° respectiely, whend, = 45°. Only
theparty € [0,7/2[ is displayed.

Figure 4. Frequeng-domain filter for the equatorialband - Top:
0 = 90°. Bottom:# = 46°.

Figure 4 shaws the reconstructiorof a simulatedphantom
modellingthe heart. This phantomconsistsof threeellipsoids,
two of which modelthe ventriculeswith 20% of actiity. The
reconstructiorwas achieved on a grid of 1002 cubic voxels of
side1.5 mm, usingfy, = 45° andyuo = 0.0152 mm~1. The
setQ was uniformly sampledin sphericalcoordinatesvith a
stepof 3 degreesandthe projectionsweresampledon grids of
1282 pixelsof side1.5 mm. Thequality of thereconstructiorin
figure5 demonstratethe exactnes®f thealgorithm.

V. CONCLUSIONS

We have developedan FBP algorithmfor exact3-D image
reconstructiorfrom exponentialX-ray projectionssampledon
ary subsetof the unit spherethatincludesgreatcircles. The
A-TTR algorithm generalizesall previously publishedresults
[8, 9]. However, our findingsremainmodestasit only applies



G(¢7"Jm) |
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4 sin s cosy
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Tablel
Frequeng-domainexpressiorof the A-TTR filter for the equatoriaband.Thefilter is expressedn theform
H(0,v) = G(¢,wm) ||v||/87(1 — cos fp). Thetablegivesthevaluesof G (v, wr, ) accordingo thevaluestakenby +, w, andw,,. Thevector
v = ||v|| (cosy a + sin ¢ 3). Thetableshouldonly beusedfor ¢ € [0, /2] and||v|| > po/27. For||y|| < po/27, H(8,v) = 0. The
“dependencef H (9, v) on4 is burriedin the definitionof w, (seeequation(20)).

Figure5: Equatorialband.Reconstructiomf a simulatedphantomof
the heartfor 8o = 45 degreesandpo = 0.0152 mm ™", Left: vertical
slice. Right: horizontalslice.

to particularsetof projections- thosecontaininggreatcircles.
Furtherinvestigationsrerequiredfor reconstructiofirom more
generadatasets.
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