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ABSTRACT

In two dimensions,theexponentialX-ray transformhasbeenwell-
studieddueto its applicationsof correctingattenuationeffectsin
SinglePhotonEmissionComputedTomography(SPECT).Explicit
inversionformulashavebeenknown for over15years.Thethree-
dimensional(3D) casehasnot beenasthoroughlyexamined,and
inversionformulasareavailablefor only afew of thewiderangeof
possible3D geometries.TheRotatingSlant-Hole(RSH)SPECT
geometryis a specialcasefor which no inversion formula has
yet appeared. This paperpresentsa generalinversion formula
for the 3D exponentialX-ray transformusinga Neumannseries.
Themethodappliesto any geometrybut convergenceof theseries
dependson the exponentialscalarand the sizeof the region-of-
interest. The derivation is presentedin the context of the RSH
SPECTgeometry. Resultsfrom computersimulationsaregiven.

1. INTRODUCTION

The reconstructionproblemof a threedimensional(3-D) image
from exponentialX-ray (parallel-beam)projectionsis widely stud-
iedin 3-DSinglePhotonEmissionComputedTomography(SPECT)
imagingsystems.Themainobjective in SPECTimagingis to vi-
sualizethedensitydistribution (alsocalledemission map) of a ra-
dioactive tracer in someregion of interest,like the heartor the
brain.Theemittedphotonspassthroughdifferenttissues(suchas
lungs,spine,...) andareattenuatedbeforethey interactwith the
detector. If theattenuationcoefficient is constantin theemission
region, theattenuatedmeasuredprojectionscanbeconvertedinto
exponentialX-ray projections[1]. Thus,solving the reconstruc-
tion problemfrom exponentialparallelprojectionsprovidesaway
to performaccurateattenuationcorrectionandquantitative recon-
structionof theemissionmap.

In conventionalSPECT, parallel-holecollimatorsareusedto
collectattenuatedprojections.Seefigure1 for a descriptionof a
parallel-holecollimator. Thesystemcollimator-detectoris rotated
aroundthe z-axisof the region of interest(ROI) in orderto sam-
ple the projectionsfor directionslocatedon a greatcircle. The
measuredprojectionsareconvertedto exponentialprojectionsus-
ing multiplicationfactorsderivedfrom knowledgeof theattenua-
tion in the body. Then,the emissionmapis reconstructedusing
2-D slice-by-slicereconstructiontechniqueswhich arenow well-
understood,especiallythanksto theworksof TretiakandMetz[2],
andPanandMetz [3],[4].

Recently, theuseof rotatingslant-hole(RSH)collimatorshas
beeninvestigated[5]. Themaininterestof this configurationis to
increasephotonsensitivity andthussignal-to-noiseratiooverstan-
dardparallel-holecollimatorsystems.Seefigure2 for a descrip-
tion of a bilateralslant-holecollimator. Roughly, twice asmany

Detector

Emissionmap Parallel-holecollimator

z

Fig. 1. Parallel-holeCollimator. Thedottedlines indicatethedi-
rectionsof photonsthatpassthroughthecollimatorto thedetector.

photonscanbedetectedduring thesameacquisitionperiodsince
the bilateralslant-holecollimator allows simultaneouscollection
of two projections.Thesystem(slant-holecollimator)-detectoris
successively locatedatseveralfixedpositionsaroundthez-axisof
theROI. For eachfixedpositionof thedetector, thecollimator is
finely rotatedaboutits axisasshown in figure2. Thecombination
of thesetwo rotationsdefinestheRSHSPECTacquisitiongeom-
etry asdescribedin [5]. TheRSHSPECTgeometryis a fully 3-D
geometrywhichneedstrue3-D reconstructiontechniques.
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Fig. 2. A bilateralSlant-holecollimator. Whenthe collimator is
fixed, two parallelprojectionscanbe measuredduring the same
acquisitionperiod.

To our knowledge,only a few works concerningexact 3-D
reconstructionfrom exponentialX-ray projectionshavebeenpub-
lished. Furthermore,theseworks only concernspecificgeome-
tries. In [6] and[7], it is assumedthat the projectionsarefinely
sampledon the full unit sphere.The algorithmdescribedin [8]
only dealswith setsof projectionscontaininggreatcirclesof the
unit sphere.FormoresophisticatedgeometrysuchasRSHSPECT,



noexactreconstructionalgorithmhasbeenestablishedsofar.
In this paper, we presentan exact inversionformula for the

exponentialX-ray transformin theparticularcaseof theRSHge-
ometry. Thederivationof ouralgorithmis basedontheknowledge
of afilteredbackprojection(FBP)algorithmfor thenon-attenuated
case.Theexponentialparallelprojectionsarefirst treatedasnon-
attenuatedprojectionsby this FBPalgorithmto give a first image����

. Using somepropertiesof the projectionandbackprojection
operators,we have derived an exact inversionformula for the at-
tenuatedcasein theform of a Neumannserieswith

����
asthefirst

termof theseries.
This papercontainsfour sections.Section2 givesa detailed

descriptionof theRSH SPECTgeometryanddefinesthe projec-
tion andbackprojectionoperators.Section3 describesour algo-
rithm andprovidesmathematicaldetailsof its derivation. Simula-
tionsandreconstructionresultsareshown with a shortdiscussion
in section4.

2. THE RSH SPECT GEOMETRY

Figure3 givesa descriptionof theRSHSPECTgeometry. In this
figure,O is the origin of the imagespaceand � is assumedto be
themain rotationaxisof thegeometry. � � is a unit vectorin the�	� plane,attachedto thedetectorandnormalto its surface. The
angle 
	� specifiesits positionaroundthez-axis. We will assume�

differentpositions( ������������������ � ) of the detector. Two unit
orthogonalvectors� � and � � areparallelto thedetectorplaneand
attachedto theslant-holecollimator. Theangle � specifiesthean-
gularpositionof thecollimatoraroundtheaxis � � of thedetector.
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Fig. 3. Descriptionof theRSHgeometry.

Theunit vector . definesthedirectionof thephotonsthrough
thecollimator to thedetector. It is attachedto thecollimatorand
canbeexpressedin theform

. �0/21�34. � � �65 387�9:. � � � (1)

wherethe constant. � is the slant angleof the collimator. The
RSHgeometryis mathematicallydefinedby thetrajectory; that .
describeson theunit spherewhen � is continuouslyvaryingfrom
0 to �=< and for all valuesof  . This trajectoryis composedof�

distinct circles of angularaperture. � . In the following, the
trajectory ; is assumedto becomplete,i.e. it intersectsall great
circlesof theunit sphere[9].

2.1. The projection operator

We will let
�?> � @ denotethe3-D emissionmapto beimaged.The

exponentialprojectionoperatorACB is definedby

D ACB �FEG> 
	�H�I�J�LK?�HM @ � NPO&QR QTS�U �V> KW� � 5 MX� � 5 U . @ � B=Y (2)

where Z is the constantattenuationfactor. The point
> K?�HM @ �>\[ � [ @ correspondsto the projectionof the origin of the image

spaceonto the detectorplane in the direction . . When 
	� and� arefixed, ]^B > 
	�L���J�8K?�LM @ � D ACB �FEG> 
	�8�H�J�HK?�8M @ is a 2-D func-
tion of K and M known asan exponentialX-ray projectionof

�
.

For _������������� � and �a` D [ ���b< D , ]�B > 
	�8�H�J�8K?�8M @ is a setof ex-
ponentialprojectionsandconstitutesthedataof thereconstruction
problem.

2.2. The backprojection operator

TheoperatorAdcB is definedby

D A cB ] B EG> � @ � �/21�3e. �gfh �jilk
NnmLo� S �_] B > 
 � �I�J�qpK&�^pM @ � BFrY (3)

where

pK � � s � �VtvuIw=9:. � � s � � � (4)pMx� � s � �y� (5)pU � 38z2/?. � � s � � (6)

Geometrically, for eachparallel projection, the point
> K&�8M @ �> pK?�^pM @ correspondsto theprojectionof � ontotheplaneof thede-

tectorin the direction . . It is easilyestablishedthat the operatorA�cB is theadjointof theprojectionoperatorACB . Thebackprojec-
tion operatoris A c R B and

D A c R B ] B EG> � @ is thesumof thecontribu-

tions of eachprojectionfor the point � . Neither A c R B nor A�cB is
theinverseof theprojectionoperatorACB .

3. INVERSION FORMULA

Our algorithmonly holdsif theset ; of parallelexponentialpro-
jectionssatisfiesOrlov’scondition,i.e. it intersectsall greatcircles
of theunit sphere[9]. In thatcase,anexactFBPalgorithmexists
for thenon-attenuatedcase[11], [10]. It canbewritten in a func-
tional form asfollows � �0A c� >\{	�l| m ] � @ (7)

where
| m is a2-D convolution and

{ � > 
 � �I�J�8K?�LM @ is the2-D filter
to applyto thenon-attenuated( Z}� [ ) projections] �^> 
	�8�H�J�8K?�8M @ .
Theanalyticalexpressionof

{ �
canbefoundin [10]. For theex-

ponentialcase( Z�~� [ ), noreconstructionalgorithmhasbeenpub-
lishedsofar.

3.1. Algorithm description

Theexactinversionformulawe proposefor theattenuatedcaseis
in theform of aNeumannseries� � > � 5���5�����5�������5 ����� @ �� � (8)



wherethefirst termof theseries
�� �

is obtainedfrom ] B by�� � > � @ ��� > � @�� A c R B >\{ � | m ] B @G� > � @ (9)

i.e. theexponentialparallelprojectionsarefirst filteredby
{ �

and
thenbackprojectedusingthe A c R B operator.

�� �
is obtainedby mul-

tiplying theresultof thebackprojectionby thesupportfunction � .� > � @ is a 3-D functionequalto oneon the region of interestand
zerooutside.� is a linearoperatordefinedbyD � �FEG> � @ ��� > � @ >G�d|���� @ > � @ (10)

where
�V> � @ is definedby

��> � @ � �/21=3e. ��fh ��i�k
N mLo� S � {	��> 
	�L�I�J��pK?��pM @�� �6t�� R B rY�� (11)

with pK , pM and pU givenbyequations(4), (5)and(6) respectively. The
inversionformula holds if the seriesis convergent. A sufficient
conditionfor convergenceis

� � � ��38�F��
� � � �� � �g� � (12)

where
� � � � is the norm of the function � � . It canbe shown

that this conditionis met for small valuesof Z_� where � is the
diameterof the region-of-interest.Given a Z value,exact recon-
structionis thuspossiblewhentheradioactive traceris confinedto
asufficiently smallregion-of-interest.

3.2. Algorithm derivation

To deriveour inversionformula,notethattheprojectionandback-
projectionoperatorssatisfytheproperty� A c R B {e�J|^�y� �0A c R B >\{�| m ]�B @ (13)

for any filter
{?> 
 � �I�J�8K?�HM @ andany valueof Z [6]. Fromequation

(7),weobtain
D A c� {	��EG> � @ ��  �^> � @ where  � is the3-D deltaDirac

function.
In equation(13), we replace

{
by the filter usedin the non-

attenuatedcase,i.e.
{	�

. We definethe left handsideas
�b�

, and
obtain � � � A c R B >\{ � | m ] B @ (14)

� > A c R B {	� t�  � @ |��J� 5 � (15)� t ��|^�y� 5 � (16)

wherewe have replaced  � by A c� {	� and
�

is a 3-D functionde-
finedby (11). We introducethesupportfunction � to besurethat� �b� and � >¡�V|^�q� @ areequalto zerooutsidethereconstructiongrid
whentheinversionformulawill bediscretised.Wewrite� � �� � 5¢� � (17)

wherewehaveused� ��£¤� andthedefinitions(9), (10)of
����

and� . Usingthis lastrelation,wecanalsowrite� � �� � 5�� � �� � 5¥� � � � �� � 5¢� � �� � 5�� � �� � 5�� � �l�
� �� � 5�� �� � 5���� �� � 5������ �� � 5 ����� (18)

which is exactlyequalto (8).

4. RESULTS AND DISCUSSION

Figure4 shows oneslice of the simulatedattenuationandemis-
sionmapswe usedto make simulations.On theattenuationmap
(upper-left figure),oneseesthetwo lungsandthespinewhichhave
differentattenuationcoefficients.Theupper-right figureshowsthe
phantommodelingtheheart.Thisphantomis thesimulatedemis-
sionmapandconsistsof threeellipsoids,two of whichmodelthe
ventriculeswith 20%of activity. Attenuationandemissionmaps
areboth representedon the lower-left figure. On the lower-right
figure,theheartphantomis discretisedonagrid of ¦ [ � cubicvox-
elsof side2.5mm. It hasbeenusedasa referencefor our simula-
tions.

Fig. 4. Descriptionof thesimulatedphantoms.

Attenuatedparallel projectionswere simulatedfor the RSH
SPECTgeometry. Weused6 positionsof thedetector( 
	�����¦ [=§ ,W�¨�����������I¦ ). For eachdetectorposition,32 positionsof the col-
limator weresimulatedover 360 degreeswith a uniform stepof
11.25 degrees. The 192 projectionswere sampledon grids of���b© m pixels of side1.5 mm. The knowledgeof the attenuation
distribution allowed us to convert the attenuatedprojectionsinto
exponentialprojectionswith a constantattenuationfactor Z equal
to
[ � [�[�ª�« mm

R k . In practice,mostSPECTscannerscanprovide
anaccurateattenuationmap.

Thecalculationof
��> � @ with equation(11) wasimplemented

by samplingthefilter
{	�

in thesamewayastheparallelprojections
were,i.e. we discretised

{ �
in 1922-D spatialfilters. Theback-

projectionroutinesusedto calculate
����

wasalsousedto calculate�
thanksto

��> � @ � D A c� {4��E¬> � @ t D A c R B {	��EG> � @ .
Figure5 shows reconstructionsachievedon gridsof ¦ [ � vox-

elsof side2.5mm. Theupper-left figureshows theoriginal heart
phantom.The upper-right figure shows

�� �
. Onecanseethat

�� �
is not an exact reconstruction.The two lower figuresshows re-
constructionsusing the Neumannserieswith 2 and 3 terms,re-
spectively. Onecanseeimprovements:the imagesupporttends



to bebetterdefinedandthegray levels tendsto bemoreuniform
in regionsof constantactivity. Thesepreliminaryresultsareen-
couraging.Furtherwork concerningconvergenceconditions,dis-
cretizationeffectsandstability in thepresenceof datanoiseis now
required.

Fig. 5. Reconstructionof the heartphantom. Upper-left : ideal
phantom.Upper-right : ®b¯ . Lower-left : ®�¯y°¢± ®b¯ . Lower-right :® ¯ °�± ® ¯ °�±�± ® ¯ .

5. ACKNOWLEDGMENTS

This work was partially supportedby the National Institutesof
Health,grantnumberR01 HL 55610. The work of F. Noo was
supportedby theBelgianNationalFundfor ScientificResearch.

6. REFERENCES

[1] A. Markoe,“Fourierinversionof theattenuatedX-ray trans-
form”, SIAM J.Math.Anal.,Vol. 15(4),718-722,1984.

[2] O. Tretiak, C. Metz, “The exponentialRadontransform”,
SIAM, J.Appl. Math.,Vol. 39(2),341-354,1980.

[3] C.E.Metz, X. Pan, “A unifiedanalysisof exact methodsof
invertingthe2D exponentialRadontransform,with implica-
tionsfor Noisecontrolin SPECT”,IEEETrans.Med.Imag.,
vol. 14(4),december1995.

[4] X. Pan,C.E.Metz,“Analysisof noisepropertiesof aclassof
exactmethodsof invertingthe2D exponentialRadontrans-
form”, IEEETrans.Med. Imag.,vol. 14(4),december1995.

[5] R. Clack, P.E. Christian,M. Defrise, A.E. Welch, “Image
reconstructionfor anovel SPECTsystemwith rotatingslant-
hole collimators”. In Conf. Rec. 1995 Med. Imag. Conf.,
1948-1952,1996.

[6] I.A. Hazou,D.C. Solmon,“Inversionof the exponentialX-
ray transform.I:Analysis”, Math. Methodsin the Applied
Sciences,Vol. 10(10),561-574(1988).

[7] Y. Weng,G.L. Zeng,G.T. Gullberg, “Filteredbackprojection
algorithmfor attenuatedparallelandcone-beamprojections
sampledon a sphere”,in Three-dimensionalImageRecon-
structionIn RadiationandNuclearMedecine,ed.P. Grangeat
andJ.-L.Amans(Dordrecht:Kluwer), 19-34,1996.

[8] J.-M. Wagner, F. Noo, “TTR algorithmfor the inversionof
theexponentialX-ray transform”.In Conf. Rec.2000Med.
Imag.Conf.,to bepublished.

[9] S.S.Orlov, “Theory of threedimensionalreconstruction.1.
Conditionsof a completeset of projections.”,Sov. Phys.
Crystallogr., Vol. 20,312-314,1975.

[10] Y.C.Wang,D.E.Wessel,E.C.Frey, B.M.W. Tsui,“A 3D Fil-
teredBack-ProjectionAlgorithm for SPECTusinga Multi-
Segment Rotating Slant-Hole Collimator”. In Conf. Rec.
2000Med.Imag.Conf.,to bepublished.

[11] M. Defrise,D.W. Townsend,R. Clack, “Three-dimensional
image reconstructionfrom complete projections”, Phys.
Med.Biol. 34(5),573-587,1989.


